This paper discusses the balanced circulation polytope, that is, the convex hull of balanced circulations of a given balanced ow network. The LP description of this polytope is the LP description of ordinary circulations plus some odd set constraints.
Preliminaries
This paper continues our discussion of balanced network ows which can be viewed as a network ow description of matching problems. In 4], 5], 6], we presented the algorithmic concepts available for non-weigthed problems. In 7] , one can nd a duality theory for non-weighted matching problems which does not use polyhedral descriptions.
Part V 8] of this series discusses the relationships between ordinary ows, fractional balanced ows, and (integral!) balanced ows of a balanced ow network N. The outcome was an algorithm which applies as a start heuristic to algorithms for non-weighted as well as weighted problems. That paper gave a rst glimpse of polyhedral descriptions. In particular, we discussed the polyhedron F(N) of fractional balanced circulations, which is de ned by the constraints (p1a) lower(a) f(a) for all arcs a 2 A(N); (p1b) f(a) cap (a) for all arcs a 2 A(N); (p2) f(a) = f(a 0 ) for all arcs a 2 A(N); (p3) e(v) = 0 for all nodes v 2 V (N):
We do not repeat the basic de nitions given in the previous parts, but the notion of pseudo-basic circulations which is essential. So let f be some fractional balanced circulation on N. We call a cycle in N odd i it is simple and contains arcs a and a 0 always pairwise. An odd cycle Q can be written as Q =0 where q is a strictly simple vv 0 -path and v 2 Q is arbitrary.
In the previous parts, we have considered bipartite balanced networks. Then, the path q indeed has odd length. Later we will show that the bipartiteness requirement is immaterial.
We call a fractional balanced ow f pseudo-basic i f is half-integral, and the fractional arcs form pairwise disjoint odd cycles. To these cycles Q 1 ; Q 2 ; : : :; Q r , we refer as the odd cycle system associated with f.
In 8], we have shown that f is a vertex of the polytope F(N) i every free cycle in N(f) is odd. Thus any vertex of the polytope F(N) is pseudo-basic.
As an example, consider the balanced network given in Figure 1 with unit capacities. The reader may verify that exactly four pseudo-basic circulations exist: f 0 , the zero ow, f 1 Our aim is to nd appropriate cuts which seperate the odd cycles of a pseudo-basic ow, and by that, to separate this pseudo-basic ow from the integral solutions. The rst statement is a special case of Lemma 27. Every balanced circulation satis es the conditions:
If one has N = N M where M is an instance of the perfect 1-matching problem, the restrictions (p4b) are the well-known cut constraints for the perfect matching polytope. Unfortunately, N admits no odd cuts in our introductory example. That is, the circulation f 1 cannot be separated by odd cut inequalities.
It turns out that (p4a) and (p4b) appear as extremy cases of a more general set of inequalities: If a skew cut satis es (p4c) with equality, we say, it is tight with respect to the circulation f. The polytope which is de ned by the constraints (p1a), (p1b), (p2), (p3) and (p4c), is called the balanced circulation polytope, and denoted by P(N). We will show that P(N) is the convex hull of all balanced circulations.
In the remainder of this section, we will discuss the odd set constraints which are relevant for particular matching problems. Let N be bipartite, and W Outer(N). Using this notation, the inequalities (p4a)-(p4e) become 
which is the redundant (!) comb inequality formulated for (W ] ftg; A 0 1 ). 2 It follows that (p4b) and (m4b), (p4c) and (m4c), (p4d) and (m4d), as well as (p4e) and (m4e) are equivalent.
If we let W 2 = ;, and replace deg x (W) = 2x( (W)) + x( (W)), we obtain the constraints (m4d) as a subset of (m4c). On the other hand, we observe that the constraints (m4f) deg x (W) + x(E 2 ) ? x(E 1 ) a(W) ? c(E 1 ) + 1 can be obtained from (m4c) by letting W 1 = ;.
We show by an example that a fractional factor may be separated by the constraints (m4f) where the constraints (m4d) fail. This example eventually shows that (p4d) is less restrictive than (p4c): Let M be de ned on the complete graph with node set f1; 2; 3; 4g. Let c 1, By the main theorem, it will turn out that the inequalities (m4f) and (m4c) are likewise equivalent.
Matching Polytopes
As a preparation for the general setting, we derive complete characterizations of b-matching problems. The results are well-known, but worth a second reading from this perspective. By the previous discussion, it is evident that a vertex of P(G;b) corresponds to a vertex of the polytope which is de ned by the constraints (p1a), (p1b), (p2), (p3) and (p4b). Observe that the odd cuts in M 1 and M 2 correspond to odd cuts in the original subgraph network M. Hence f 1 is feasible for P(M 1 ), and f 2 is feasible for P(M 2 ). By the minimality of M, we may write This 'glueing' technique is due to Schriver 12] . We now merely need evidence that a tight cut constraint exists. The argument given in Schriver 12] did not convince us, but can be replaced by some separation rule for pseudo-basic solutions.
Corollary 31. To see this, note that y(e 1 ) = c(e) ?y(e 2 ) = y(e 3 ) holds for every fractional factor y ofM. Hence the transformation of the factors is a ne and bijective, and preserves the polyhedral geometry. We merely need to translate the odd set constraints fromM to M. LetW 
Problem Equivalence
So far, we have utilized the reduction of matching problems to balanced network ow problems. We point out a reduction mechanism which works in the opposite direction, and which is similar to the reduction of bidirected ows ( 2] 
and x(e a ) := f(a) ? lower(a); (7) x(e v ) := K(v) ? X a + =v f(a) (8) respectively.
Lemma 32.1 (a) By Equation (6), a (fractional) factor of M(N) is mapped to a (fractional) balanced circulation on N.
(b) By Equations (7) and (8), a (fractional) balanced circulation on N is mapped to a (fractional) factor of M(N). Due to the symmetry in f, this shows the ow conservation property not only for the inner nodes, but also for the outer nodes of N. This is Assertion (a). Equation (9) also shows that f is mapped to x by (7) and (8) c(e v ) := K(v), it turns out that the number of nodes, the number of arcs, and the total sum of capacities increase by a constant factor; the details are left to the reader. Hence, from the view of computational complexity, the problem of nding a (minimum cost) balanced circulation and the (weighted) perfect b-matching problem are equivalant in a very strong sense.
Our main interest in this problem reduction is the speci cation of a complete system of inequalities for the (minimum cost) balanced circulation problem:
Theorem 32. We emphasize that the problem reduction to the capacitated b-matching problem works even if the capacity bounds are (partially) negative.
Duality
Up to this point, our discussion of balanced ows was strictly primal or, as in Part (IV), concerned combinatorial dual problems. In order to establish primaldual algorithms for balanced network ow problems (which is the standard approach in matching theory), the explicit speci cation of an LP-dual is crucial. We start with the primal problem (LP) in the most natural (but somewhat redundant) description: It is easy to see that and _ = ( _ ; _ ; _ ; _ ; _ ) have equal value, and that the symmetrized solution satis es the non-negativity requirements for _ , _ , _ . To see that the constraint (d1) holds for _ and some a 2 A(N), one merely has to consider the sum of (d1) for the arcs a and a 0 regarding . Hence one can add to (DLP) the constraint 0, and introduce symmetry constraints to the dual program. These modi cations do not change the optimal objective value.
Theorem 33.1 In the polyhedral description of P(N), all the symmetry constraints (p2) are simultaneously redundant.
Proof: Omit the constraints (p2), and choose a vertex _ f of the resulting polytope. We can choose a cost function c so that _ f is the unique optimum for the respective problem (LP*).
Choose a optimum solution for the dual (DLP) of the original problem. Symmetrize to obtain an optimum _ for the dual of the modi ed problem (LP*). Let f be an integral optimum of (LP) including the symmetry constraints.
It turns out that f, _ f, and _ have equal objective values. This implies that f is an optimum for (LP*), and hence f = _ f. Proof: The equivalence of (a) and (b) is Theorem 7.1 in 4]. The equivalence of (a) and (c) is a mere reformulation of the slackness conditions (cs1a), (cs1b) and (cs2). 2
For algorithmic purposes, one would like more explicit dual solutions in (c) where only a small number of 's is strictly positive. In the traditional setting, one would introduce nested families and shrinking families at this point.
An exhaustive discussion of shrinking families will come up with a primaldual algorithms for the minimum cost balanced circulation problem. This is in fact the next milestone in our investigation of balanced network ows 9].
